The number of tiered posets modulo six  by Klarner, David
Discrete Mathematics 62 (1986) 295-297 
North-Holland 
295 
THE NUMBER OF TIERED POSETS MODULO SIX 
David KLARNER 
Computer Science Department, University of Nebraska, Lincoln, NE 68588, U.S.A. 
Received 6 September 1985 
Our goal in this note is to sketch a proof of a conjecture made by Kreweras [1] 
in a paper published in this journal. 
A poset on an n-set is said to be tiered with height h if every element belongs to 
a maximal chain with exactly h elements. It is easy to visualize these posets in 
terms of their Hasse diagrams. The elements can be arranged in tiers with the 
minimal elements in the first tier and the maximal elements in the top tier. In a 
pair of consecutive tiers every element in the upper tier covers some element in 
the lower tier, and every element in the lower tier is covered by some element in 
the upper tier. A typical tiered poset is shown in Fig. 1. 
A pair of consecutive tiers of a tiered poset forms a bipartite graph in which 
every vertex has positive degree. 
We showed in [2] that f (m,  n), the number of bipartite graphs having m lower 
vertices and n upper vertices, all vertices with positive degree, is given by 
m (7) f (m,  n) = ~ ( -1)  m-k (2 k - 1)". (1) 
k----O 
It follows that t(h, n), the number of tiered posets with height h on an n-set, is 
given by 
( n ) f (ml ,  mh) " " " f (mh- l ,  mh), (2) t(h, n)= ~ ml,  . . . , mh 
where the index of summation in (2) extends over all h-tuples (ml,  . . . ,  mh) of 
positive integers with ml +" • • + mh "- n. We described in [2] how one can handle 
sums having the form given in (2). Let t(h, m, n) be the number of tiered posets 
on an n-set with height h and exactly m maximal elements. An explicit expression 
for t(h, m, n) can be obtained by modifying (2); just restrict he index of the sum 
to those h-tuples having mh "- m. This leads to the recurrence relation 
(n) m 
t(h, m, n) = ~ t(h - 1, k, n -m) f (k ,  m), (3) 
k=l  
which is also given in [1]. Let 
n 
t(n)-- ~'. t(h, n) 
h----1 
(4) 
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and note that 
n 
t(h, n)= ~ t(h, m,n). 
m----1 
(5) 
Kreweras used (1), (3), (4) and (5) to compute t(n) for n = 1 , . . . ,  11 and he 
observed that t(n) is alternately congruent to 1 and 3 (mod 6) for these values of 
n. Actually, this is not difficult to prove for all values of n. We begin by showing 
that f(m, n) is congruent to 1 (mod 6) for all positive integers m and n. First, 
consider f(m, n) (rood 2): using (1) we have 
- ( f(m, n)-- (-1) n ~ ( -1 )  m-k m/ -- l (mod 2). (6) 
k----1 K~ 
Next, consider f(m, n)(mod 3): again using (1) we have 
k=l  
-- ~ (--1)m-2k÷l( k m - ) - ( -1 ) '~÷12m-1-1  (mod 3). 
k--1 2 1 
(7) 
Since f(m, n) is congruent to 1 (mod 2) and (mod 3), it follows that f(m, n) is 
congruent to 1 (mod 6). We can use this fact at once in (2) and (4) to get that 
t (n ) -~(  n ) (mod6), (8) 
h=l  ml ,  • • • , mh 
where the inner sum in (8) extends over all h-tuples of positive integers. The 
expression on the fight in (8) is co(n) the number of ordered partitions of an 
n-set, so when we finish proving that t(n) is alternately congruent o 1 and 3 
(mod 6), this holds for ~o(n) as well. 
In fact, by classifying the ordered partitions of an n-set according to the 
number of elements in the first block of the partition we get the recurrence 
relation 
k f f i l  
(9) 
where ~o(0)= 1. One can now show by induction on n that ~o(n) is alternately 
congruent to I and 3 (mod 6). However, the fact that w(n) E t(n) (mod 6) may be 
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regarded as a lucky coincidence, so we will give an alternative proof which 
depends on the recurrence relation satisfied by t(h, m, n). 
Now we consider the recurrence relation (3) (mod6). Since f (m,  n )~ 1 
(mod 6) we get 
t(n) = 
hence, 
(n) 
~, t(h - 1, k, n - m) = t(h - 1, n - m) (mod 6). 
k=l  
(10) 
Summing (10) over m gives 
t(h, n )~ ~ t(h - 1, n - m) (mod 6). (11) 
Now we use (11) to show that t(h, n)~-0 (mod 6) for all h with 3 ~ h and all 
positive n. It follows from the definition that t(1, n) = 1 for all positive n. Putting 
h = 2 in (11) and using the fact that t(1, n) - 1 we get 
t(2, n) -- 2" - 2 (mod 6). (12) 
It is easy to show (by induction on n say) that 
{02(m°d6)' n°dd '  (13) 
t(2, n) -- (mod 6), n even. 
Now put h = 3 in (11) and use (13) to get 
n 
t(3, n ) -2{(2)+ ( : )+"""  + ([½(n- 1)J)} -o  (m°d 6)" (14) 
(Here we used the fact that (g)+ ( ] )+- . .=  2n-x.) Now it is an easy matter to 
show by induction on h that t(h, n )= 0 (mod 6) for all h I> 3, and all positive n. 
One would use (11) for this. Finally, we can combine all these results to get 
n 
~, t(h, n) - / (1 ,  n) + t(2, n) (mod 6); (15) 
h=l  
t (n)_  {13 (mod 6), nodd, (16) 
(mod 6), n even. 
This proves Kreweras' conjecture concerning the number of tiered posets; 
however, he made a similar conjecture concerning the number of partial order 
relations one can define on an n-set. This problem is probably much harder than 
the tiered poset problem because one does not have a nice formula like (3). Man 
lives in hope. 
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